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Lecture 6C. Plate 2D modeled with 4-node elements

1

Finite element method
(FEM1)
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Example. 2D plate modeled using 4-node element

x

y

pmax=60MPa

2L=100mm

2
H

 =
 1

6
0

m
m

thickness  t=2mm

one-quarter model with
single 4-node element

𝑥𝑖 1 = 0, 𝐿, 𝐿, 0

𝑦𝑖 1 = 0, 0, 𝐻, 𝐻
vectors of nodal coordinates:

x

y

1

3

2

4



x

y

1

3

2

4

3

Equivalent load vector due to surface forces

𝑥3 = 𝐿 ,  𝑥4 = 0
𝑦3 = 𝐻 ,  𝑦4 = 𝐻

ൠ
s=0 →   = −1
s=L →   = +1 

→  s  =
𝐿

2
 + 1

𝐹𝑝
1 = 𝑡 1−׬

1
0, 𝑝𝑦  𝑁

𝜕 𝑁(𝜉,1)

𝜕𝜉
𝑥𝑖 𝑒

2
+

𝜕 𝑁(𝜉,1)

𝜕𝜉
𝑦𝑖 𝑒

2
𝑑𝜉 

1 × 8                                                                        2 × 8 1 × 4 4 × 1 1 × 4 4 × 1

𝐹𝑝
𝑒 = 𝑡𝑒 1−׬

1
𝑝𝑥, 𝑝𝑦 𝑁

𝜕 𝑁(𝜉,1)

𝜕𝜉
𝑥𝑖 𝑒

2
+

𝜕 𝑁(𝜉,1)

𝜕𝜉
𝑦𝑖 𝑒

2
𝑑𝜉 

1 × 8                                                                  2 × 8
1 ×4 4 × 1 1 × 4 4 × 1

𝑳 = 50𝑚𝑚

𝑠

𝑝𝑦 𝑠  = 𝑝𝑚𝑎𝑥 1 −
𝑠

𝐿

 = 1

𝑝𝑦   = 𝑝𝑚𝑎𝑥 1 −
𝑠 

𝐿
= 𝑝𝑚𝑎𝑥 1 −

1

2
 + 1 =

𝑝𝑚𝑎𝑥

2
1 − 
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shape functions of the element and their derivatives in the natural system:

𝑖
𝜕𝑁𝑖

𝜕𝜉

1    -¼ 1 − 𝜂
2 ¼ 1 − 𝜂
3 ¼ 1 + 𝜂
4 -¼ 1 + 𝜂

𝜕𝑁𝑖

𝜕𝜂

-¼ 1 − 𝜉
-¼ 1 + 𝜉
¼ 1 + 𝜉
¼ 1 − 𝜉

𝜕𝑁𝑖 𝜉,1

𝜕𝜉

-¼ 1 − 1 = 0
 ¼ 1 − 1  = 0
 ¼ 1 + 1 = ½
-¼ 1 + 1 = -½

𝑖 𝑁𝑖 𝜉, 1
1             0
2             0
3           ½ 1 + 𝜉
4          - ½ 1 − 𝜉

natural coordinate system

cartesien coordinate system

𝑁1 𝜉, 𝜂 = ¼ 1 − 𝜉 1 − 𝜂
𝑁2 𝜉, 𝜂 = ¼ 1 + 𝜉 1 − 𝜂
𝑁3 𝜉, 𝜂 = ¼ 1 + 𝜉 1 + 𝜂
𝑁4 𝜉, 𝜂 = ¼ 1 − 𝜉 1 + 𝜂
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𝐹𝑝
1 = 𝑡 1−׬

1
0, 𝑝𝑦  𝑁

𝜕 𝑁(𝜉,1)

𝜕𝜉
𝑥𝑖 𝑒

2
+

𝜕 𝑁(𝜉,1)

𝜕𝜉
𝑦𝑖 𝑒

2
𝑑𝜉 

𝜕 𝑁(𝜉,1)

𝜕𝜉
𝑥𝑖 1= 

𝜕𝑁3(𝜉,1)

𝜕𝜉
𝑥3 +

𝜕𝑁4(𝜉,1)

𝜕𝜉
𝑥4 = ½ · 𝐿 − ½ · 0 =

𝐿

2

𝜕𝑁3 𝜉,1

𝜕𝜉
 = ½  , 

𝜕𝑁4 𝜉,1

𝜕𝜉
 = -½

𝜕 𝑁(𝜉,1)

𝜕𝜉
𝑦𝑖 1= 

𝜕𝑁3(𝜉,1)

𝜕𝜉
𝑦3 +

𝜕𝑁4(𝜉,1)

𝜕𝜉
𝑦4

𝑥3 = 𝐿 ,  𝑥4 = 0
𝑦3 = 𝐻 ,  𝑦4 = 𝐻  

= ½ · 𝐻 − ½ · H = 0

𝜕 𝑁(𝜉,1)

𝜕𝜉
𝑥𝑖 𝑒

2
+

𝜕 𝑁(𝜉,1)

𝜕𝜉
𝑦𝑖 𝑒

2
= 

𝐿

2

𝐹𝑝
1 = 𝑡

𝐿

2
1−׬

1
0, 𝑝𝑦  𝑁(𝜉, 1) 𝑑𝜉 

𝑁3 𝜉, 1 = ½ 1 + 𝜉      ,    𝑁4 𝜉, 1 =  - ½ 1 − 𝜉

𝑁(𝜉, 1) =
0 0 0 0 𝑁3 𝜉, 1  0 𝑁4 𝜉, 1  0

 0 0 0 0 0 𝑁3 𝜉, 1  0 𝑁4 𝜉, 1  
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𝐹𝑝
1 = 𝑡

𝐿

2
1−׬

1
0, 𝑝𝑦  𝑁(𝜉, 1) 𝑑𝜉 

𝑁3 𝜉, 1 = ½ 1 + 𝜉     ,    𝑁4 𝜉, 1 =  - ½ 1 − 𝜉  

𝑁(𝜉, 1) =
0 0 0 0 𝑁3 𝜉, 1  0 𝑁4 𝜉, 1  0 

0 0 0 0 0 𝑁3 𝜉, 1  0 𝑁4 𝜉, 1  

𝑝𝑦   = 
𝑝𝑚𝑎𝑥

2
1 − 

0 , 𝑝𝑦 

0 0 0 0 𝑁3 𝜉, 1  0 𝑁4 𝜉, 1  

0 0 0 0 0 𝑁3 𝜉, 1  0 𝑁4 𝜉, 1  

0, 0, 0, 0, 0,  𝑁3 𝜉, 1 𝑝𝑦  , 0,  𝑁4 𝜉, 1 𝑝𝑦 

1

3

2

4

𝑭𝒑
𝟖_𝟏 = 𝑡𝐿

3
 𝑝𝑚𝑎𝑥

𝑭𝒑
𝟔_𝟏=𝑡𝐿

6
 𝑝𝑚𝑎𝑥 

𝑭𝒑
𝟔_𝟏 = 𝑡

𝐿

2
1−׬

1 𝑝𝑚𝑎𝑥

2
1 −   ½ 1 + 𝜉 𝑑𝜉= 𝑡𝐿

6
 𝑝𝑚𝑎𝑥 

𝑭𝒑
𝟖_𝟏 = 𝑡

𝐿

2
1−׬

1 𝑝𝑚𝑎𝑥

2
1 −  − ½ 1 − 𝜉 𝑑𝜉 = 𝑡𝐿

3
 𝑝𝑚𝑎𝑥

𝑭𝒑
𝟔_𝟏 𝑭𝒑

𝟖_𝟏
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𝑞 1 =

𝑢1
𝑣1
𝑢2

𝑣2
𝑢3
𝑣3

𝑢4

𝑣4 1

8 × 1

Boundary conditions: N = 8 − 4 = 4

vector of element nodal parameters

𝑞 1 = 𝑢1, 𝑣1, 𝑢2, 𝑣2, 𝑢3, 𝑣3, 𝑢4, 𝑣4 1
1 × 8

𝑞 1 = 𝑢2, 𝑢3, 𝑣3, 𝑣4 1
1 × 4

𝑐𝑜𝑙𝑢𝑚𝑛 𝑣𝑒𝑐𝑡𝑜𝑟

𝑟𝑜𝑤 𝑤𝑒𝑐𝑡𝑜𝑟

vector of active nodal parameters after taking into account boundary conditions :

x

y

1

3

2

4

𝑢4=0

𝑣4

𝑢2

𝑣2=0

𝑢1=0

𝑣1=0

𝑢3

𝑣3
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Gradient matrix for the plain stress condition: 

𝑅 =

𝜕

𝜕𝑥
0

0
𝜕

𝜕𝑦

𝜕

𝜕𝑦

𝜕

𝜕𝑥

 =

1

𝑑𝑒𝑡 𝐽

𝜕𝑦

𝜕𝜂

𝜕

𝜕𝜉
−

1

𝑑𝑒𝑡 𝐽

𝜕𝑦

𝜕𝜉

𝜕

𝜕𝜂
0

0
1

𝑑𝑒𝑡 𝐽

𝜕𝑥

𝜕𝜉

𝜕

𝜕𝜂
−

1

𝑑𝑒𝑡 𝐽

𝜕𝑥

𝜕𝜂

𝜕

𝜕𝜉

1

𝑑𝑒𝑡 𝐽

𝜕𝑥

𝜕𝜉

𝜕

𝜕𝜂
−

1

𝑑𝑒𝑡 𝐽

𝜕𝑥

𝜕𝜂

𝜕

𝜕𝜉

1

𝑑𝑒𝑡 𝐽

𝜕𝑦

𝜕𝜂

𝜕

𝜕𝜉
−

1

𝑑𝑒𝑡 𝐽

𝜕𝑦

𝜕𝜉

𝜕

𝜕𝜂

 =
3 × 2

=

1

𝑑𝑒𝑡 𝐽

𝜕𝑦

𝜕𝜂

𝜕

𝜕𝜉
0

0 −
1

𝑑𝑒𝑡 𝐽

𝜕𝑥

𝜕𝜂

𝜕

𝜕𝜉

−
1

𝑑𝑒𝑡 𝐽

𝜕𝑥

𝜕𝜂

𝜕

𝜕𝜉

1

𝑑𝑒𝑡 𝐽

𝜕𝑦

𝜕𝜂

𝜕

𝜕𝜉

 +

−
1

𝑑𝑒𝑡 𝐽

𝜕𝑦

𝜕𝜉

𝜕

𝜕𝜂
0

0
1

𝑑𝑒𝑡 𝐽

𝜕𝑥

𝜕𝜉

𝜕

𝜕𝜂

1

𝑑𝑒𝑡 𝐽

𝜕𝑥

𝜕𝜉

𝜕

𝜕𝜂
−

1

𝑑𝑒𝑡 𝐽

𝜕𝑦

𝜕𝜉

𝜕

𝜕𝜂

=

=

1

𝑑𝑒𝑡 𝐽

𝜕𝑦

𝜕𝜂
0

0 −
1

𝑑𝑒𝑡 𝐽

𝜕𝑥

𝜕𝜂

−
1

𝑑𝑒𝑡 𝐽

𝜕𝑥

𝜕𝜂

1

𝑑𝑒𝑡 𝐽

𝜕𝑦

𝜕𝜂

𝜕

𝜕𝜉
+

−
1

𝑑𝑒𝑡 𝐽

𝜕𝑦

𝜕𝜉
0

0
1

𝑑𝑒𝑡 𝐽

𝜕𝑥

𝜕𝜉

𝜕

𝜕𝜂

1

𝑑𝑒𝑡 𝐽

𝜕𝑥

𝜕𝜉
−

1

𝑑𝑒𝑡 𝐽

𝜕𝑦

𝜕𝜉

𝜕

𝜕𝜂

𝐵 = 𝑅 𝑁 =

1

𝑑𝑒𝑡 𝐽

𝜕𝑦

𝜕𝜂
0

0 −
1

𝑑𝑒𝑡 𝐽

𝜕𝑥

𝜕𝜂

−
1

𝑑𝑒𝑡 𝐽

𝜕𝑥

𝜕𝜂

1

𝑑𝑒𝑡 𝐽

𝜕𝑦

𝜕𝜂

𝜕𝑁

𝜕𝜉
+

−
1

𝑑𝑒𝑡 𝐽

𝜕𝑦

𝜕𝜉
0

0
1

𝑑𝑒𝑡 𝐽

𝜕𝑥

𝜕𝜉

𝜕

𝜕𝜂

1

𝑑𝑒𝑡 𝐽

𝜕𝑥

𝜕𝜉
−

1

𝑑𝑒𝑡 𝐽

𝜕𝑦

𝜕𝜉

𝜕𝑁

𝜕𝜂
3 × 16 3 × 2 2 × 16

strain−displacement matrix
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𝑑𝑒𝑡 𝐽 = 𝑑𝑒𝑡

𝜕𝑥

𝜕𝜉

𝜕𝑦

𝜕𝜉

𝜕𝑥

𝜕𝜂

𝜕𝑦

𝜕𝜂

 = 
𝜕𝑥

𝜕𝜉

𝜕𝑦

𝜕𝜂
 −

𝜕𝑦

𝜕𝜉

𝜕𝑥

𝜕𝜂
 = 

= 
𝜕( 𝑁(𝜉,𝜂) 𝑥𝑖 𝑒)

𝜕𝜉

𝜕( 𝑁(𝜉,𝜂) 𝑦𝑖 𝑒)

𝜕𝜂
 −

𝜕( 𝑁(𝜉,𝜂) 𝑦𝑖 𝑒)

𝜕𝜉

𝜕 𝑁 𝜉,𝜂 𝑥𝑖 𝑒

𝜕𝜂
 =

=
𝜕 𝑁(𝜉,𝜂)

𝜕𝜉
𝑥𝑖 𝑒

𝜕 𝑁(𝜉,𝜂)

𝜕𝜂
𝑦𝑖 𝑒 −

𝜕 𝑁(𝜉,𝜂)

𝜕𝜉
𝑦𝑖 𝑒

𝜕 𝑁(𝜉,𝜂)

𝜕𝜂
𝑥𝑖 𝑒

1 × 4 1 × 4 1 × 4 1 × 4
4 × 1 4 × 1 4 × 1 4 × 1

𝜕𝜉

𝜕𝑥
 =

1

𝑑𝑒𝑡 𝐽

𝜕𝑦

𝜕𝜂
 =

1

𝑑𝑒𝑡 𝐽

𝜕( 𝑁(𝜉,𝜂) 𝑦𝑖 𝑒)

𝜕𝜂
 =

1

𝑑𝑒𝑡 𝐽

𝜕 𝑁(𝜉,𝜂)

𝜕𝜂
𝑦𝑖 𝑒

𝜕𝜂

𝜕𝑥
 = −

1

𝑑𝑒𝑡 𝐽

𝜕𝑦

𝜕𝜉
 = −

1

𝑑𝑒𝑡 𝐽

𝜕( 𝑁(𝜉,𝜂) 𝑦𝑖 𝑒)

𝜕𝜉
 = −

1

𝑑𝑒𝑡 𝐽

𝜕 𝑁(𝜉,𝜂)

𝜕𝜉
𝑦𝑖 𝑒

𝜕𝜉

𝜕𝑦
 = −

1

𝑑𝑒𝑡 𝐽

𝜕𝑥

𝜕𝜂
 = −

1

𝑑𝑒𝑡 𝐽

𝜕( 𝑁(𝜉,𝜂) 𝑥𝑖 𝑒)

𝜕𝜂
 = −

1

𝑑𝑒𝑡 𝐽

𝜕 𝑁(𝜉,𝜂)

𝜕𝜂
𝑥𝑖 𝑒

𝜕𝜂

𝜕𝑦
 =

1

𝑑𝑒𝑡 𝐽

𝜕𝑥

𝜕𝜉
 =

1

𝑑𝑒𝑡 𝐽

𝜕( 𝑁(𝜉,𝜂) 𝑥𝑖 𝑒)

𝜕𝜉
 =

1

𝑑𝑒𝑡 𝐽

𝜕 𝑁(𝜉,𝜂)

𝜕𝜉
𝑥𝑖 𝑒

4 × 1
1 × 4

4 × 1
1 × 4

4 × 1
1 × 4

4 × 1
1 × 4
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𝜕𝑁

𝜕𝜉
=

𝜕𝑁1

𝜕𝜉
 0 

𝜕𝑁2

𝜕𝜉
 0 

𝜕𝑁3

𝜕𝜉
 0 

𝜕𝑁4

𝜕𝜉
 0 

0 
𝜕𝑁1

𝜕𝜉
 0 

𝜕𝑁2

𝜕𝜉
 0 

𝜕𝑁3

𝜕𝜉
 0 

𝜕𝑁4

𝜕𝜉
 

2 × 8

𝜕𝑁

𝜕𝜂
=

𝜕𝑁1

𝜕𝜂
 0 

𝜕𝑁2

𝜕𝜂
 0 

𝜕𝑁3

𝜕𝜂
 0 

𝜕𝑁4

𝜕𝜂
 0

0 
𝜕𝑁1

𝜕𝜂
 0 

𝜕𝑁2

𝜕𝜂
 0 

𝜕𝑁3

𝜕𝜂
 0 

𝜕𝑁4

𝜕𝜂
 2 × 8

𝐷 =
𝐸

(1 − 𝜈2)

1 𝜈 0
𝜈 1 0

0 0
1

2
(1 − 𝜈)3 × 3

𝑐𝑜𝑛𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑣𝑒 𝑚𝑎𝑡𝑟𝑖𝑥 𝑓𝑜𝑟 𝑝𝑙𝑎𝑖𝑛 𝑠𝑡𝑟𝑒𝑠𝑠

𝑘 𝑒 = 𝑡𝑒 න
−1

1

න
−1

1

𝐵(𝜉, 𝜂) 𝑇 𝐷 𝐵(𝜉, 𝜂) 𝑑𝑒𝑡 𝐽 𝑑𝜉𝑑𝜂
8 × 8 8 × 3 3 × 3 3 × 8

element stiffness matrix:

𝑛𝑢𝑚𝑒𝑟𝑖𝑐𝑎𝑙 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑜𝑛 𝑏𝑦 𝑡ℎ𝑒 𝑚𝑖𝑥𝑒𝑑 𝑞𝑢𝑎𝑑𝑟𝑎𝑡𝑢𝑟𝑒 𝑟𝑢𝑙𝑒
𝑡𝑜 𝑎𝑣𝑜𝑖𝑑 „shear locking”  (Enhanced strain formulation)
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𝑞 = 𝑘 −1 𝐹
4 × 1 4 × 4 4 × 1

UX displacement UY displacement
MAR 29 2022

08:01:01

PLOT NO.   1

NODAL SOLUTION

STEP=1

SUB =1

TIME=1

UX       (AVG)

RSYS=0

PowerGraphics

EFACET=1

AVRES=Mat

DMX =.045711

SMN =-.012724

MNMX X

Y

Z

-.012724

-.01131

-.009896

-.008483

-.007069

-.005655

-.004241

-.002828

-.001414

0

4node

MAR 29 2022

08:01:08

PLOT NO.   2

NODAL SOLUTION

STEP=1

SUB =1

TIME=1

UY       (AVG)

RSYS=0

PowerGraphics

EFACET=1

AVRES=Mat

DMX =.045711

SMX =.045711

MN

MX

X

Y

Z

0

.005079

.010158

.015237

.020316

.025395

.030474

.035553

.040632

.045711

4node



UX displacement

Displacements in X direction

12

MAR 29 2022

08:01:01

PLOT NO.   1

NODAL SOLUTION
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NODAL SOLUTION

STEP=1

SUB =1

TIME=1

SXY      (AVG)

RSYS=0

PowerGraphics

EFACET=1

AVRES=Mat

DMX =.047071

SMN =-6.68

SMX =-.106963

MN

MX X

Y

Z

-6.68

-5.94966

-5.21933

-4.48899

-3.75865

-3.02831

-2.29798

-1.56764

-.837301

-.106963

4node

𝑵𝑶𝑫𝑨𝑳
 𝑺𝑶𝑳𝑼𝑻𝑰𝑶𝑵

The impact of discretization on the quality of results (4−node elements)



x

y

27

MAR 29 2022

08:03:13

PLOT NO.   8

ELEMENT SOLUTION

STEP=1

SUB =1

TIME=1

SXY      (NOAVG)

RSYS=0

PowerGraphics

EFACET=1

DMX =.045711

SMN =-4.16719

SMX =-4.16719

MNMX X

Y

Z

4node

MAR 29 2022

08:05:48

PLOT NO.  14

ELEMENT SOLUTION

STEP=1

SUB =1

TIME=1

SXY      (NOAVG)

RSYS=0

PowerGraphics

EFACET=1

DMX =.046436

SMN =-4.70816

SMX =-1.65009
MN

MX X

Y

Z

-4.70816

-4.36837

-4.02859

-3.6888

-3.34902

-3.00923

-2.66944

-2.32966

-1.98987

-1.65009

4node

MAR 29 2022

08:07:11

PLOT NO.  19

ELEMENT SOLUTION

STEP=1

SUB =1

TIME=1

SXY      (NOAVG)

RSYS=0

PowerGraphics

EFACET=1

DMX =.046861

SMN =-6.33246

SMX =-.425279
MN

MX X

Y

Z

-6.33246

-5.6761

-5.01975

-4.3634

-3.70704

-3.05069

-2.39434

-1.73799

-1.08163

-.425279

4node

MAR 29 2022

08:09:03

PLOT NO.  30

ELEMENT SOLUTION

STEP=1

SUB =1

TIME=1

SXY      (NOAVG)

RSYS=0

PowerGraphics

EFACET=1

DMX =.047071

SMN =-6.83544

SMX =-.106963

MN

MX X

Y

Z

-6.83544

-6.08783

-5.34022

-4.59261

-3.84501

-3.0974

-2.34979

-1.60218

-.854572

-.106963

4node

xy

[MPa]

𝑬𝑳𝑬𝑴𝑬𝑵𝑻
𝑺𝑶𝑳𝑼𝑻𝑰𝑶𝑵

The impact of discretization on the quality of results (4−node elements)
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