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Example. 2D plate modeled using 4-node element

y

2H

one-quarter model with
single 4-node element

lxijl - lO, Lr L; OJ
lyijl = lO, O,H,HJ

vectors of nodal coordinates:




Equivalent load vector due to surface forces

PPl = b 1y VT (225 (g, ) (DL g Y

1x8 2X8 aE
i by (S) = Pmax (1 %)
pd xX3=L, x,=0
4 H 3 y3=H, y,=H
:DO TTTTT o*n=1y, grommmmmnnnneee
~ Il se=ten /P'\L .
L =50mm—, i s=L - £=+1 2 :? \ A j

Pmax (1 — @) = Prmax (1 — -+ 1)) =i_p’:;“_" (1- i_):

1771y = ¢ £2,10,py ()N (2260 e, ) 4 (26 gy, Y

1x8 2x8 1x4 4x1 1x4 4x1




natural coordinate system

shape functions of the element and their derivatives in the natural system:

N, (&m)=n(1 -8 —n) i N;(&,1)
N,(&, =1+ —n) 1 0
N;(&m=%1+81+n) 2 0
N,(Em=%(1-A +1n) | 3 CRATFE
4 i -%(1=8)
; N ON; ONi(§1)
0& an Y
1 -%(1—n) %(1—=¢) %(1—-1)=0
2 %1 =n) A1 +$) %(1—1)=0
31 %(1+1) %(1+¢) L s+ D)=
4: -%(1+1n) %(1—8) A+ 1D)=%




X3 — L, X, = O 6N3(fr1) i % 61V4—(€,1) ot -%
= H, =H a{: ’ af 1
Y3 J N3(§,1)=7(1+&) , Ny 1)=-%(1-2¢)

FP]; = tf_lllo.py@J[NJ\/(‘"’“V(f D)+ (28D g3, ) ag

IN4($,1)

ALGED) 0N (§,1) Dy —— 1502 L
6(5 { l}l 36{" x3 + a{: x4— é L é

al.N E:l)J ON (E 1) 6N4(E,1) — 14. _ 1z H — O
a(g W=~ Vs + =5~ Vs =%-H— %

(DL 3 ) 4 (AN gy ) L

[FP]y = 2 [7,10,p, )] IN(E, 1)] dé

0000Ns(51) 0 Ny(ED 0
INEDI=1 0000 0 Ny(5,1) 0 N, 1)




Dy (E) = P2 (1 - €)

Na(§,D)=%(148) , Nu(§ D=-%(1-¢)
_J0000N;(5,1) 0 Ny 1) O
NG D] = 0000 0 N;(&1) 0 N
|FP], =t= f 10,0, (®)|[N(E, 1)] dé
000O0N;(&1) O N,(&,1)
0000 O N;(&,1) 0 N.(& 1)
10,p,(&] [0,0,0,0,0, N3 (&, 1)py,(£),0, Ny (€, Dpy (8)]
| ]| J
....................... Y Y
FPg 4 _%pmax FPg 4 Fp8_1

________________________

61_t fl pmax(l

Fp8 L= — ¢tz J‘l pmax (1

&) %(1+ &) dé= %pmax

i)(- %(1 - f)) ds = t_ngmax




vector of element nodal parameters

Vy V3 (U1

= column vector
=i

\ Uy J

lqjl — lull vlr qu vZ) u3; v3; u4—) v4-J1
1x8

V4=
o v,=0 row wector

U= Uy

® 0
X

Boundary conditions:N =8 — 4 =4
vector of active nodal parameters after taking into account boundary conditions :

g1 = luy, us,v3,v4 |4
1x4




Gradient matrix for the plain stress condition:

[R]

3x2

0 0] ( 1 dyo 1 a_yi) 0
ox det[J] 9n 9§  det[J] 9§ an
_lo 2|_ 0 ( 1 0x9 1 %i)
o ay| det[J]] 9¢ dn  det[]J] 0n 0¢
9 90 ( 1 oxo0 1 %i) ( 1 dyo 1 a_yi)
0y O0xl L\det[j19&0n det[J] 0n d& det[J] on 0§  det[]] 9&€ on/
1y o (L1 oo
(det[]] on 65) 0 ( det[]] ¢ 617) 0
1 0x 0 1 0Jdx 0
0 (= aemiayse) |+ 0 (Geratan) |=
1 Jdx 0 1 0Jdy 0 1 0x 0 1 0Jdy 0
_(_ det[]]%%) (det[j]%a_s) 1 1 (det[]]%%) (_ det[]]%%)_

1 a_y (1 a_y
(det[]] 677) 0 ( det[]] 6{) 0
1 odx\| o 1 O0x 0 0
— 0 (_ det[]]%) a_.,r+ 0 (da[ﬂ&%) an
__1 ox 1oy 1 axy  (__1 %
Czma) Geaa) | | Goe) (G
strain—displacement matrix
 (Geion) | [z |
(det[]] on 0 det[]] 0¢ 0
1 O0x ON 1 0x 0 ON
-0 (e o Gkl
5] - o) i) |[] s 5
(-zmia)  (Gmio) (Gemrar)  (zemrar)
| det[]] on det[J] on/ L \det[]] ¢ det[]J] 0¢/ | 8




ax 9y
_ 9¢ 0§
det|]]=det ox ay
an  ond

_axay_ayax_
Sogam  oson

_ OUNEmIixide) IANEMIYie) _ IUANE MIYide) IUANE MIxite) _

a¢& on 013 on
dIN(Em)] dIN(Em)] dIN(&.m)] N m)]
(5 (o) (PR 0ide) — (522 Uide) (22 xide )
4x1 n 4x1 4x1 n 4x1
1x4 1x4 1x4 1x4
0§ _ 1 3y _ 1 oUNEMIe) 1 ANGEMI ¢ o |
| 0x " det[J]1an  det[J] on " det[]] on 3216 !
| 1x4 !
Vv On_ 1 9y 1 oUNGEmlyde) 1 AINEm)] fy:) :
ox del]9¢ derl] o9& del] 98 G4° !
! X 4 |
08 _ 1 ox_ 1 A(NEMIxYe) _ 1awmn&}i
| Oy det[J] an det|[]] on detl]  on - Gi°
Com_ 1 ax_ 1 o(NGEmIxde _ 1 aINEM) ) :
dy  det[J]19¢  det[J] P o det[)] a9 U)e

1x4




CONy 9N, o ON3 0N
la_N _| 9¢ o o o
| N ON,  ON; _ ON
i1 1 2N, 9Nz NN ONy
oxs [0 E 9¢ 9t = 0¢ |
N, AN, _ dN; _ 0N,
a_zv]_ on on on on
| an dN, _ ON; _ ON
ml g 2oy 9Nz g 905 g O
| Jn an on an |

element stiffness matrix:

constitutive matrix for plain stress

8 " _tj J Bgiﬂ) 3 3][33(i77)]d6t[]]d€d77

numerical integration by the mixed quadrature rule
to avoid ,shear locking” (Enhanced strain formulation)

10




q) = k]

4x1 4 x4

UX displacement

=

\
PLOT NO. 1 \
NODAL SOLUTION %
STEP=1 \
SUB =1 ‘
TIME=1
(AVG)
RSYS=0
PowerGraphics
EFACET=1
AVRES=Mat
DMX =.045711
SMN =-.012724
.012724
.01131
.009896
.008483
.007069
.005655
.004241
.002828
.001414

BO00EDOEN

1
1
1
1
1
1
1
\
\
\

012724|u2 1
-.001562|u3 |

7’

_~UY displacement

PLOT NO. 2
NODAL SOLUTION
STEP=1

SUB =1

TIME=1

(AVG)
RSYS=0
PowerGraphics

.005079
.010158
.015237
.020316
.025395
.030474
.035553
.040632
.045711

B00CE00NN
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p max
4

t4‘ “TTTTM

3 pma::

3

Powe

EFAC

rGeaphice

KT=1

AVRES=Mat

DMX
5MN

Al00NECNN

- 038168
- D077684

- 007784
006919
DO6054

005189
L00g324
. 0034¢
D0259¢
.00173

-, §65E-D3

L
o Pmex

Displacements in X direction

UX displacement

PLOT NO. 1
NODAL SOLUTIOM

UX (AVG)

PowerGraphics
EFACET=1
AVRES=Mat
=.045711
=-.012724
-.012724
-.01131
-.009896
-.008483
-.007069
-.005655
-.004241
-.002828
-.001414

BO0CR00NN 22

% Pmax

”“TTTM 3

:ﬁi ()

PLOT NO. 3
NODAL SOLUTION
STEP=1

SUB =1

TIME=1

UX (AVG)
RSYS=0
PowerGraphics

SMN =-.005515
SMX =.004184
-.005515
-.004437
-.003359
-.002282
-.001204
-.127E-03
.951E-03
.002029
.003106
.004184

B00C0E0E.

L
3 Pmax
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Displacements in Y direction

PLOT NO. 2 PLOT NO. 4
NODAL SOLUTION NODAL SOLUTION
STEP=1 o STEP=1
SUB =1 UY displacement sUB -1
TIME=1 TIME=1
uy (AVG) uY (AVG)
RSYS=0 RSYS=0
PowerGraphics PowerGfiphlcs
EFACET=1 AVRES At
:sz=g§§'-65 PLOT No. 2 DMX =.04694
SRt NODAL SOLUTION SMX =.04694
SMX =.038165 i 0
- 0 " SUB =1 (| .005216
B .004;‘}1 TIME=1 | .010431
] .008481 Uy (AVG) o 015647
012722 RSYS=0 | .020862
=5 016962 PowerGraphics — .026078
B o003 EFACET=1 ] -031293
=1 025444 AVRES=Mat | .036509
3 o29634 DMX =.045711 mm 041724
== 033925 SMX =.045711 . 04694
. m
- .010158
o 015237
mm 020316
- R [ 025395
4 [ -030474
nT 4 3 0 035553
040632
.045711

13




3

Strain in X direction

creel g, strain

SMN =

BOCCNNENN ¢

PLOT NO. 3
NODAL SOLUTION
STEP=1

SUB =1

TIME=1

EPELX (AVG)
RSYS=0
PowerGraphics
EFACET=1
AVRES=Mat

DMX =.045711
SMN =-.302E-03
SMX =.164E-04
-.302E-03
-.267E-03
-.231E-03
-.196E-03
-.161E-03
-.125E-03
-.898E-04
-.544E-04
-.190E-04
.164E-04

B000EE0NN

PLOT NO. 12
ELEMENT SOLUTION

STEP=1
SUB =1
TIME=1
EPELX (NOAVG)
RSYS=0
PowerGraphics
EFACET=1
DMX =.04694
SMN =-.313E-03
SMX =.157E-05
m -.313E-03
-.278E-03
[
-.243E-03
[
-.208E-03
—
-.173E-03
[
-.138E-03
]
-.103E-03
]
-.682E-04
] 135
e
.157E-05
—
2 X

14




3

PLOT N

ELEMENT SOLUTION

Strain in Y direction

STEP=1 Sy Straln
SUR =]
TIME=1
EPELY (NOAVG)
REYS=(
PowerGraphica
EFACET=1
DMX =,038165
SMN =, 380E-03 ST Vv e
EMX =. 4T 7E-03 PLOT NO. 4
. 380E-03 NODAL SOLUTION
. STEP=1
B 00803 SUB =1
| e TIME=1
B | 3E-03 EPELY (AVG)
— A4 ) RSYS=0
=] 45K i PowerGraphics
] | 4s6E-03 EFACET=1
B 4662-03 AVRES=Mat
L TR DMX =.045711
SMN =.249E-03
SMX =.609E-03
.249E-03
= .289E-03
o= .329E-03
| .369E-03
mm .409E-03
| .449E-03
] .489E-03
= .529E-03
- .569E-03
.609E-03
Yy
:? ”\TTTTTT4 3
X
d
TS S

PLOT NO. 13
ELEMENT SOLUTIO
STEP=1

SUB =
TIME=1
EPELY (NOAVG
RSYS=0
PowerGraphics
EFACET=1
DMX =.04694
SMN =.238E-04
SMX =.769E-03
-
[

.189E-03
—J

.272E-03
[

.355E-03
[
— .438E-03

.520E-03
L]

.603E-03
—J
[ .686E-03

.769E-03

15




Shear strain

PLOT NO. 14
ELEMENT SOLUTION

Yxy Strain

STEP=1
SUB =1
NOAVG) TIME=1
EPELXY  (NOAVG)
aphics RSYS=0
1 PowerGraphics
3165 EFACET=1
EE-03 DMX =.04694
DE-04 SMN =-.259E-03
EE-0 PLOT NO. 5 SMX =.105E-03
140E-C NODAL SOLUTION [ | :éfgg:gg
124E-( STEP=1 [

« 109E-0D _ |:| -.178E-03
E-04 SUB =1 O 138803
SE-04 TIME=1 mm - 974E-04
24E-04 EPELXY (AVG) ] ~-569E-04
JE-04 RSYS=0 ] —-Ll64E-04
LE-04 PowerGraphics O .241E-04
SOE-04 EFACET=1 mm - 646E-04

AVRES=Mat .105E-03

DMX =.045711
SMN =-.159E-03
SMX =-.159E-03

pll!:’)-.

Mt 3

R

X
JI%\[;“ 5 >
1_" Lz

16




pm-f)-.

ITITTTT?+

3

R

Stress in X direction

o, stress

PLOT NO. 6

ELEMENT SOLUTION

STEP=1
SUB =1
TIME=1

SX (NOAVG)

RSYS=0
PowerGraphics
EFACET=1

DMX =.045711
SMN =-7.81349
SMX =7.81349
-7.81349
-6.07716
-4.34083
-2.6045
-.868165
.868165
2.6045
4.34083
6.07716
7.81349

B00CRO0NN

PLOT NO. 5
ELEMENT SOLUTIOMN

SX (NOAVG)
RSYS=0
PowerGraphics
EFACET=1
DMX =.04694
=-12.8298
=12.8298
-12.8298
-9.97872
-7.12766
-4.2766
-1.42553
1.42553
4.2766
7.12766
9.97872
12.8298

RO00RO0NN 52
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pma’-.

TTITITT¢+

3

R

PLOT NO. 4
ELEMENT SOLUTION
STEP=1

SUB =]

TIME=1

5% (NOAVG)
REYS=0
PowerGraphice
EFACET=1

OM% =, 035165

SMN =26, 518

SMK =33,482
26,518

27,292

Al0EECEN

Gy stress

T L2

Stress in Y direction

PLOT NO. 7
ELEMENT SOLUTION
STEP=1

SUB =1

SY (NOAVG)

PowerGraphics
EFACET=1
DMX =.045711
SMN =20.0025
SMX =39.9975
20.0025
22.2242
24.4459
26.6675
.8892
31.1108
33.3325
35.5541
37.7758
39.9975

BO0CRO0EN

PLOT NO. 6
ELEMENT SOLUTION
STEP=1

SUB =1

TIME=1

SY (NOAVG)
RSYS=0
PowerGraphics

1 14
[ I
8.15537
- 14.3967
=
20.638
=
26.8793
=
33.1207
—
39.362
—
45.6033
E:j 51.84406
|
58.086
—>
2 X

18
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pll!:’)-.

Mtess

3

L P

ELEMENT

T NO

'TON

TEP=]
)

TIME~]

XY (NOAVG)
R3YS

PowecGraphics

EFACET~]

OMX =, 038165
MN i. “
MX =-.42081

4.074

[ IR

= 267

— a5

| BT

BN

B _q1.638

[

= 1 26679

- $2081

Shear stress

T,y Stress

PLOT NO.

8

ELEMENT SOLUTION
STEP=1

SUB =1

TIME=1

SXY (NOAVG)
RSYS=0
PowerGraphics
EFACET=1

DMX =.045711
SMN =-4.16719
SMX =-4.16719

PLOT NO. 7
ELEMENT SOLUTIOM
STEP=1

SUB =1

TIME=1

SXY (NOAVG)
RSYS=0
PowerGraphics

-1.49394
-.430576
.632784
1.69614
2.7595

B00CAEOEN
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The impact of discretization on the quality of results (4-node elements)

RS UOo.iUVOo.L 1O

PLOT NO. 1 PLOT NO. 10
NODAL SOLUTION NODAL SOLUTION
STEP=1 STEP=1

SUB = SUB =1

TIME=1 TIME=1

UX (AVG) UXx (AVG)
RSYS=0 RSYS=0
PowerGraphics PowerGraphics
EFACET=1 UX EFACET=1
AVRES=Mat AVRES=Mat

DMX =.045711 DMX =.046436

SMN =-.012724 [mm] SMN =-.009823
mm 012724 SMX =.451E-03
mm 01131 mm 009823
] ~-009896 @ 008682

o 008483 o ~-00754
mm 007069 mm 006398
[ —-005655 mm 005257
] -.004241 . -.004115
O --002828 ] -—-002974
mm 001414 g --001832
0 B - 690E-03
.451E-03

PLOT NO. 15 PLOT NO. 23
NODAL SOLUTION NODAL SOLUTION
STEP=1 STEP=1
SUB =1 SUB =
TIME=1 TIME=1
UX (AVG) UX (AVG)
RSYS=0 RSYS=0
PowerGraphics PowerGraphics
EFACET=1 EFACET=1
AVRES=Mat AVRES=Mat
DMX =.046861 DMX =.047071
SMN =-.009151 SMN =-.008957
SMX =.002032 SMX =.002617
-. -. 7
[ 009151 [ 00895
-.007909 -.007671
[ [
-.006666 -.006385
./ [
-.005424 -.005099
/ /
-.004181 -.003813
/= /=
-.002938 -.002527
(I (I
-.001696 -.001241
C ] C ]
-.453E-03 .452E-04
= =
- .789E-03 - .001331
.002032 .002617
20




The impact of discretization on the quality of results (4-node elements)

PLOT NO. 2
NODAL SOLUTION

924 (AVG)

.005079
[

.010158
—

.015237
.

.020316
(|

.025395
1

.030474
1

.035553
1
[ .040632
.045711

DMX =.046861
SMX =.046861
0
.005207
.010414
.01562
.020827
.026034
.031241
.036448
.041654
.046861

B000RECEN

V) 4
[mm]

VO.VU .20
PLOT NO. 11
NODAL SOLUTION

STEP=1
SUB =1
TIME=1
Uy (AVG)
RSYS=0
PowerGraphics
EFACET=1
AVRES=Mat
DMX =.046436
SMX =.046436

0
. .00516
[

.010319
—

.015479
[

.020638
[

.025798
[

.030957
]

.036117
(I 041276
| -

.046436

STEP=1

SUB =

TIME=1

[9)4 (AVG)

RSYS=0

PowerGraphics

EFACET=1

AVRES=Mat

DMX =.047071

SMX =.047071
0

[ .00523

[

| .01046

| .01569

mm .02092

| .026151
.031381

C ]

| .036611
041841

|l -
.047071

21
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The impact of discretization on th

_X

PLOT NO. 6
ELEMENT SOLUTION
STEP=1

SUB =1

TIME=1

(NOAVG)
RSYS=0
PowerGraphics
EFACET=1

DMX =.045711
SMN =-7.81349

SMX =7.81349
[ -7.81349

-6.07716
[

-4.34083
(|

-2.6045
[

-.868165
/=

.868165
1

2.6045
]

4.34083
(. 6.07716
m

7.81349
PLOT NO. 20
NODAL SOLUTION
STEP=1
SUB =
TIME=1
SX (AVG)
RSYS=0
PowerGraphics
EFACET=1
AVRES=Mat
DMX =.046861
SMN =-4.63339
SMX =24.1699
-
= 1 %6735
— 4'96772
.

8.16809
[

11.3685
]

14.5688
L] 17.7692
CJ 20.9696
[ )

24.1699

o

X

[MPa]

NODAL
SOLUTION

e quality of results (4-node elements)

V

PLOT NO. 31
NODAL SOLUTION
STEP=1

SUB =1

TIME=1

(AVG)
RSYS=0
PowerGraphics

=14.5388
-5.95909
-3.68154
-1.404
.873548
3.15109
5.42864
7.70619
9.98373
12.2613
14.5388

(AVG)

PowerGraphics
EFACET=1
AVRES=Mat

DMX =.047071
SMN =-4.69728
SMX =30.1917
-4.69728
-.820734
3.05582
6.93237

—

10.

B000RE

14

8089

.6855
18.
22.
26.
30.

562

4386
3151
1917

22




The impact of discretization on the quality of results (4-node elements)

PLOT NO 6
ELEMENT SOLUTION
STEP=1

SUB =1

TIME=1

SX (NOAVG)
RSYS=0
PowerGraphics
EFACET=1

DMX =.045711
SMN =-7.81349
SMX =7.81349
-7.81349
-6.07716
-4.34083
-2.6045
-.868165
.868165
.6045
.34083
.07716
.81349

~ o

Uo.:VU0IOL

PLOT NO. 17
ELEMENT SOLUTION
STEP=1

SUB =1

TIME=1

SX (NOAVG)
RSYS=0
PowerGraphics
EFACET=1

MX =.046861
SMN =-5.58213
SMX =24.1699
-5.58213
-2.27634
1.02944
4.33523
7.64102
10.9468
14.2526
17.5584
20.8642
24.1699

g

B00CE00NN

Gx

[MPa]

ELEMENT
SOLUTION

[VXCINRVIUIRGE 4

PLOT NO. 12
ELEMENT SOLUTION
STEP=1

SUB =1

TIME=1

SX (NOAVG)
RSYS=0
PowerGraphics
EFACET=1

DMX =.046436
SMN =-7.31649
SMX =14.5388
-7.31649
-4.88812
-2.45975
-.031386
2.39698
4.82535
7.25372
9.68209
12.1105
14.5388

BO00ECCEN

Uo:uVU0 40

PLOT NO. 28
ELEMENT SOLUTION
STEP=1

SUB =1

TIME=1

SX (NOAVG)
RSYS=0
PowerGraphics
EFACET=1

DMX =.047071
SMN =-5.14419
SMX =30.1917
-5.14419
-1.21798
2.70822
6.63443
10.5606
14.4868
18.413
22.3393
26.2655
30.1917

B00CE00NN
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PLOT NO. 7

ELEMENT SOLUTION
STEP=1

SUB =1

TIME=1

SY (NOAVG)
RSYS=0

PowerGraphics (S
EFACET=1 y
DMX =.045711

SMN =20.0025

MX =39.9975 [MPa]

20.0025

22.2242 NODAL
24.4459
28.8892
31.1108
33.3325
35.5541
37.7758
39.9975

0

B00CE00NN

PLOT NO. 21
NODAL SOLUTION

STEP=1
SUB =1
TIME=1
SY (AVG)
RSYS=0
PowerGraphics
EFACET=1
AVRES=Mat
DMX =.046861
SMN =3.04724
SMX =52.8834
.04724

mm O

8.5846
]

14.122
/.

19.6593
[

25.1967
[

30.734
]

36.2714
]

41.8087
CJ 47.3461
[ )

52.8834

The impact of discretization on the quality of results (4-node elements)

VU eUoe 21U

PLOT NO. 32
NODAL SOLUTION
STEP=1

SUB =

SY (AVG)

PowerGraphics
EFACET=1
AVRES=Mat
DMX =.046436
SMN =9.68398
=47.7465
9.68398
13.9132
18.1423
.3715
26.6007
30.8298
35.059
39.2882
43.5173
47.7465

BO00R00EN &

PLOT NO. 26
NODAL SOLUTION

SY (AVG)

DMX =.047071
SMN =.427497
SMX =56.1359
mm 427497

6.61732
]

12.8071
=

18.997
=

25.1868
==

31.3766
(I

37.5664
L]

43.7562
5 0s6
m

56.1359

24
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PLOT NO. 7

ELEMENT SOLUTION

STEP=1

SUB =1

TIME=1

SY (NOAVG)

RSYS=0

PowerGraphics o
EFACET=1 V'
DMX =.045711

SMN =20.0025

SMX =39.9975 [MPa]
20.0025

22.2242 ELEMENT
24.4459

e eens SOLUTION
28.8892

31.1108

33.3325

35.5541
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